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ABSTRACT: In [1], it was shown that BLG model based on a Lorentzian metric 3-algebra
gives Dp-brane action whose worldvolume is compactified on torus 7% (d = p — 2). Here
the 3-algebra was a generalized one with d + 1 pairs of Lorentzian metric generators and
expressed in terms of a loop algebra with central extensions. In this paper, we derive the
precise relation of the coupling constant of the super Yang-Mills, the moduli of 7% and
some R-R flux to VEV’s of ghost fields associated with Lorentzian metric generators. In
particular, for d = 1, we derive the Yang-Mills action with 6 term and show that SL(2,Z)
Montonen-Olive duality is realized as the rotation of two VEV’s. Furthermore, some moduli
parameters such as NS-NS 2-form flux are identified as the deformation parameters of the
3-algebras. By combining them, we recover most of the moduli parameters which are
required by U-duality symmetry.
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1 Introduction and summary

Recently, Bagger, Lambert [2] and Gustavsson [3] found that a certain class of Chern-
Simons matter system can have maximal supersymmetry in 2 + 1 dimensions and that
it may describe the multiple M2-branes. Their action is distinctive in that the gauge
symmetry is based on a new mathematical framework, Lie 3-algebra. However, it was
soon realized that their constraints on the algebra are too restrictive that the only allowed
3-algebra is so-called A4 algebra which describes the two M2-branes [4].

For the description of larger number of M2-branes, many studies have been made
to generalize the BLG framework.! The first interesting example was found by three
groups [6-8] which is based on the 3-algebra with a pair of Lorentzian metric generators

u,v and arbitrary Lie algebra generators T", such that
(u,v) =1, (T, T7) = § | (1.1)

where we keep only the nonvanishing 3-commutators and metric components. While the
components associated with the generators u, v become ghosts, they can be removed by a

! Apart from the examples mentioned below, there is also an example based on the 3-algebra with Nambu-
Poisson bracket [5]. This algebra describes the infinite number of M2-branes and realizes the worldvolume
theory of a single M5-brane in the C-field background on a 3-manifold where Nambu-Poisson bracket is
equipped.



new kind of Higgs mechanism proposed by [9]. After the ghosts are removed, the Chern-
Simons matter system is reduced to the ordinary super Yang-Mills system which describes
multiple D2-branes. Then many studies are undertaken on this Lorentzian BLG model [1,
10, 11]. However, since the correspondence is too exact, the model was realized to be too
simple to describe the full M2-brane dynamics.

Soon after, another 2+ 1 dimensional Chern-Simons matter system with U(N) x U(N)
gauge symmetry was proposed [12]. While it lacks the manifest N' = 8 supersymmetry, it
has many attractive features such as the brane construction, AdS/CFT correspondence,
and an intimate relation with the integrable spin chain. In particular, it gives a description
of M2-branes when the coupling constant N/k (k is the level of Chern-Simons term) is large,
namely in the nonperturbative region. In the perturbative range N/k << 1, it describes
a system where the transverse space of M2-branes becomes C*/Z;, with k >> 1, which is
getting closer to D2-branes in type IIA string theory.

The models based on the Lorentzian metric 3-algebras [6-8] which was later general-
ized in [1, 11] by including more Lorentzian metric generators (in the following, we call
it ‘L-BLG model’ in short). Nevertheless, they still enjoy unique advantages that they
keep N = 8 supersymmetry as well as SO(8) R-symmetry. Of course, M-theory requires
such symmetry explicitly, so we believe that L-BLG models will be able to provide some
nontrivial information on M-theory.

In this paper, as one of such examples, we examine how U-duality [13] is realized
in L-BLG models.? It is based on a work [1] where a description of M-theory on higher
dimensional torus 79! was given by generalization of 3-algebra with more Lorentzian

3 As a generalization of the original model,

A).

metric pairs, say (ua,v?) (A = 0,1,...,d).
we have d + 1 pairs of the ghost fields associated with each (u4,v By choosing the
structure of 3-algebra carefully, it has been shown that such ghost modes can be removed
and the system becomes unitary as in the original model. Here, for the simplicity of the
arguments, we will work with a gauged version of L-BLG model [15, 16] where the removal
of the ghosts is exact. In this Higgs mechanism, one has to assign VEV’s to these ghost

fields as
xI =MA X eRM RS, (1.2)

These VEV’s XA, in turn, describe how the transverse directions R® are compactified on
T In other words, the Higgs mechanism of L-BLG model produces the Kaluza-Klein
mass associated such compactification. In [1], it was shown that L-BLG model gives a
super Yang-Mills system whose worldvolume is a flat 7¢ bundle on M, where M is the
worldvolume of BLG model. In the section 2 of this paper, we perform a more detailed
analysis with general 2 and determine the precise relation of the coupling constant, moduli

2The Montonen-Olive duality in ABJM context was discussed in [14]. In their study, the coupling
constants of the super Yang-Mills are restricted to depend only one real variable. In our case, there is no
such limitation.

3Somewhat similar analysis was made on the generalization of the Lorentzian metric [11]. Their analysis
was limited to the finite dimensional cases and does not include the 3-algebra which is the main focus of
this paper.



of the torus 7%, and some R-R flux on Dp-brane worldvolume theory to VEV’s 2 of L-BLG
model.

These parameters are sufficient to fix all the moduli of D3-branes theory that corre-
sponds to d = 1 case. Indeed, in the section 3, we argue that the action thus derived
reproduces the complete 4-dimensional super Yang-Mills action with 6 term. In particular,
Montonen-Olive SL(2,Z) duality [17] is realized by the rotation of the VEV’s,

XNA=ANXE . A, eSLR2,Z). (1.3)

While we do not claim that we prove the duality symmetry, the simplicity of the realization
is nevertheless remarkable. For d > 1, it is natural to guess that the SL(d + 1,Z) part
of the U-duality transformation is described by the change of the basis as (1.3) where
A € SL(d + 1,Z). We note that U-duality group is give by a product SL(d + 1;Z)
O(d,d;Z) =: Egy1(a+1)(Z), where the symbol b denotes the group generated by the two
non-commuting subgroups (see, for example, a review article [18]). The O(d,d;Z) part
represents the T-duality symmetry. In our formulation, it is realized by the T-duality
relation by Taylor [19].

Actually, for d > 1, the moduli parameters obtained from Higgs VEV’s 2 are not
enough to realize full U-duality group. The description of U-duality covariant parameters
for super Yang-Mills system is given in the context of BFSS matrix theory [20, 21]. One of
such missing parameters is the NS-NS 2-form flux. We know already that this parameter
can be included in the theory by the redefinition of the 3-algebra [1]. As d getting larger, we
need more kinds of R-R flux also. We give some argument that these extra parameters will
be obtained by changing 3-algebra further, possibly by including contributions of Nambu-
Poisson algebra as [5].

2 Dp-brane action from BLG model with moduli parameters

In this section, we perform more detailed analysis of L-BLG model which is described in
section 5 of [1]. The novelty of the following analysis is to introduce general VEV’s for
the ghost fields which give rise to the nontrivial metric for the torus 7% and an extra
coupling constants which are related with some R-R flux on Dp-brane. The action after
Higgs mechanism is summarized in section 2.5. We give also more careful explanation of
the compactification mechanism and the geometry of the Dp-brane worldvolume.



2.1 BLG Lagrangian and 3-algebra for Dp-brane

The original BLG action is written as [2]

S = / drL = / d*x (Lx + Ly + Ling + Lpot + Lcs), (2.1)
M M
1 I wyl
Lx = —5(D,x", D"X), (2.2)
i
Ly = 5(8,T"D,¥), (23)
7 -
Line = 7 (¥, Ty [X", X7, W), (24)
1
Lpot = _E<[XIaXJaXK]a[XI,XJ,XKD’ (25)
1 )
Log = ifABCDAAB ANdAcp + ngDAG'fEFGBAAB NAcp N AgrF, (2.6)

where the indices p = 0,1, 2 specify the longitudinal directions of M2-branes, I, J, K =
3,...,10 indicate the transverse directions, and the indices A, B, C, ... denote components
of 3-algebra generators. M is the worldvolume of M2-brane.

The covariant derivative is
(Dp®(x))a = 0uPa+ fCDBAAuCD(m)CI)B (2.7)
for ® = X!, . The 3-bracket for the 3-algebra in BLG model
(T4, 78,7 = i fABC TP (2.8)

must satisfy the fundamental identity and the invariant metric condition. Note that the
notation is slightly different from the original BLG’s one in order to make the field A, 4p
Hermite.

In [1], we made a systematic study of Lorentzian metric 3-algebra which contains d+ 1
pairs of Lorentzian metric generators (u,,v®) together with positive-definite generators e’.
We studied a special class of 3-algebra where the generators v® are the center of 3-algebra,
namely [v% x, %] = 0, and the generators u, are not produced by the any 3-commutators,
i.e. f©°%,, = 0. These requirements are necessary if we want to remove the ghost fields by
using the Higgs mechanism in [6, 9]. A general feature for d > 1 is that the gauge fields
(as well as all other fields, because of supersymmetry) become massive by absorbing two
Higgs (ghost) scalar fields.

For finite dimensional 3-algebras, it is not obvious how to interpret these massive fields
in the context of M /string theory. It was also found that BLG models based on known finite
dimensional 3-algebras produce either products of the supersymmetric gauge theories [6-8]
or abelian massive super Yang-Mills systems without interactions [1, 11].

For infinite dimensional case, it was found that there are varieties of possible 3-
algebras and the BLG models associated with them in general have natural interpretation
in M/string theory [1]. For example, while the number of particles becomes infinite, they



are naturally interpreted as the Kaluza-Klein modes associated with the toroidal com-
pactification. Also, the mass generated by ghosts can be identified with the Kaluza-Klein
mass.

Here we pick up a 3-algebra which produces the worldvolume theory of Dp-brane
(p=d+2)

[ug, Uq, up| = O7 (2.9)

[uo,uaa T3] = mq (2.10)

[uo, T, %]:m a5* 707 +if YT (2.11)

(T3, T2, T, ﬁ'?] = =i %6 (2.12)

where a,b = 1,...,d, [,m, i € Z% and fiik (i,7,k = 1,...,dimg) is a structure constant

of an arbitrary Lie algebra g which satisfies Jacobi identity. Other 3-commutators are
defined to be zero. The 3-algebra satisfies the fundamental identity. We note that v4
(A =0,1,...,d) are the center of the 3-algebra and u4 do not appear in the output of
3-commutators. This is an essential property of Lorentzian metric 3-algebra to make ghosts

disappear after the Higgs mechanism. The nonvanishing part of the metric is given as
(ua, o) =08, (T5,T3) = 66517 (2.13)

We note that this 3-algebra can be regarded as original Lorentzian metric 3-algebra (1.1)
where Lie algebra is replaced by

[tq, up) = 0, (g, T = maTh,
(T, T2) = a5 + i, Th (2.14)

For d = 1, this is the standard Kac-Moody algebra with degree operator u and the central
charge v and above algebra is its higher loop generalization. Since the original L-BLG
model reduces to super Yang-Mills, one might guess that BLG model based on the 3-
algebra (2.9)—(2.12) should be equivalent to super Yang-Mills whose gauge group is the loop
algebra (2.14).5 It turns out that this is not the case. As we explain below, BLG Lagrangian
contains extra topological terms which can not be reproduced from Yang-Mills action.

2.2 Component expansion

In the remainder of this section, we will derive the BLG action for this 3-algebra. This was
already presented in [1] but the computation is limited to the simplest choice of parameters
and the dependence on the moduli parameter was not clarified. In particular, we will obtain
some “topological” terms such as 6 [ F' F for D3-brane which could not show up for the
simplest choice of the background. Furthermore, in order to obtain this 6 term, we must
carefully deal with the total derivative terms which is neglected in [1].

4In [1], more general 3-algebra is considered with the anti-symmetric tensor Cyp, i.e. [ug, ta, up] = C’ang
instead of eq. (2.9). This tensor is related with the noncommutativity parameter on Dp-brane. In this paper,
we omit this factor for the simplicity of the argument.

®We note that the super Yang-Mills system with loop algebra symmetry is given in section 5.1 of [1].



For the 3-algebra (2.9)—(2.12), we expand various fields as

X' = Xl T + X ua + X! (2.15)
U = U T+ Ulug + 0407 (2.16)
, T T .
AM = Ay(i%)(jﬁ)T%‘L A T% + §Au(m)uo NTE + 5’43(2‘1%)“@ NTY
1
+§Az ug A\ ug + AZb g A up + (terms including v4) . (2.17)

Now we will rewrite the BLG action (2.1) as an action for Dp-branes (p = d + 2). More
precisely, if we denote the original membrane worldvolume as M, the worldvolume of Dp-
brane is given by a flat 7¢ bundle over M. The index m € Z? which appears in some
components represents the Kaluza-Klein momentum along the 7.

In this geometrical set-up, each bosonic components plays the following roles:

e X (Iim) : These are splitted into three groups. Some are the collective coordinates which
describe the embedding into the transverse directions, others are the gauge fields on
the worldvolume, and the other is the degree of freedom which can be absorbed when

M-direction disappears. The concrete expression is eq. (2.55).

e X4 Higgs fields whose VEV’s determine either the moduli of 7% or the compacti-
fication radius in M-direction.

o A

u(im) ¢ gauge fields along the membrane worldvolume M.

° Az . a connection which describes the fiber bundle 7¢ — M. The equation of motion

implies that it is always flat 8[HA31 =0.

The other bosonic components become Lagrange multiplier or do not show up in the action
at all. In the following, we set Af, = Azb = 0 for simplicity.

2.3 Solving the ghost sector

The components of ghost fields X and ¥ appear in the action only through the follow-
ing terms:

i - _
Lon = ~(DuX ) (DuX )y + 2 (0, TP D0 + T,0THD,0,,)  (218)
where

(DHXI)UA = auXIAa

(DuX")0 = 0uXG + ima( Al Xy + Aumyi—my X )
—FI* Ay g X (i)

(DyX")pe = 9,X1 — ima(Aﬂ(l-m)X([iﬁm) + Ay X1 (2.19)

and similar for U. The variation of X%, and ¥, always give the free equations of motion
for X4 and ¥4, namely

Mox"M =0, T"9,01=0. (2.20)



By introducing extra gauge fields C;iA and x4 through [15, 16]
Lnew = Cl 40, X" — x 404, (2.21)
one may modify the equations of motion for X4 and ¥4 to
XM =0, V=0, (2.22)

and absorb the ghosts X ﬁ and ¥, by gauge fixing. This is how the ghost fields can be
removed in [6-8].
The equations of motion for X4 (2.22) imply that they are constant vectors in RS,

We fix these constants as
XA=XecR"! CcR®. (2.23)

In [6-8], there is only one X = X0 which specifies the M-direction compactification radius.
This time, we have extra VEV’s X% which give the moduli of the toroidal compactifica-
tion T,

In the following, we prepare some notations for the later discussion. We write the dual
basis to A as 74, which satisfy

XA . 7p =08, (2.24)
We introduce a projector into the subspace of R® which is orthogonal to all 2 as

Pl =gt =" \Ax, (2.25)
A

which satisfies P2 = P. We define ‘metric’ as
GAB = XA XB | (2.26)

where A4 play the role of vierbein. Using this metric, 7y can be written as

Oa
L1y G

T — @ - @ Ta s (227)

and from now we use {XO, 7.} as the basis of R4*! spanned by X4, Note that X0 L 7, for all
a. Our claim that the R%*! is compactified on 7% will be deduced from the Kaluza-Klein
mass which is generated by the Higgs mechanism. This will be demonstrated below.

Comments on Higgs potential. Since XA plays the role of Higgs fields, it is natural to
wonder if one may introduce a potential for them and fix the value of VEV’s. This seems
to be physically relevant since they are related to the moduli of torus. One naive guess is to
add a potential —V(XA) to the action. Since the SUSY and gauge transformations of XA
are trivial, this potential breaks neither SUSY nor gauge symmetry. However, the kinetic
term is given in the mixed form 0X49X 4, the potential does not fix X4 but physically
irrelevant X A



2.4 Derivation of Dp-brane action
We finally rewrite the BLG action (2.1) in terms of 3-algebra components and by putting
VEV’s to ghost fields X4 and ¥4,

Kinetic terms for X! and U. The covariant derivative becomes, after the assignment
of VEV’s to ghosts,

(DX ") iy = (Du XY iy + A;(m)AIO — ima A AT (2.28)
where
AL(ML) = —imaAZ(m) +f sz‘Au(j,mfﬁ)(kﬁ) : (2.30)

We decompose this formula into the components into the orthogonal spaces R7~% and R%+!

by using the projector P!/ as

(DuX )iy = P (DX )y + > NA(Fpa) i (2.31)
A

where

(Fuo) iy = o+ (DuX) iy + Al

1 & w0 ¢ GO R
= Goo DeX - X)) = g Do (Ta - X)omy + Ay » (2.32)
(Flua) imy = ﬁu(ﬁa X)(iﬁm) — ima A (i) - (2.33)

We will rewrite 7, - X as A, below, since they play the role of gauge fields along the fiber
T? as we mentioned. F,, will be regarded as the field strength with one leg in M and
the other in 7%, F uo seems to be the field strength in a similar sense with one leg in M-
direction. However, the gauge field AL(ML) is an auxiliary field as we see below, and after
it is integrated out, F,o will completely disappear from the action. In this sense, F,o do
not have any geometrical meaning. We suspect, however, that it may give a hint to keep
the trace of the compactification of M-theory to type IIA superstring theory.

Finally, using eq. (2.31), the kinetic term for X becomes

1. R 1
Lx = —§D“X(Im)P” D, X[ o — EGABFH Ay FuB(—m) - (2.34)

(Zv_ﬁ)

Similarly, the kinetic term for ¥ becomes

i .



Chern-Simons term and integration of A’. The Chern-Simons term is written as

1
Les = 5 (Al(irﬁ) NAAG ) + A,y N AA )

(i)

fZ]kAI A A( i) A\ A(h,m,ﬁ) , (236)
or, up to the total derivative terms,
1 .
Les = §A/(¢m) A F(; _) + (total derivative) , (2.37)
where
jk
Euim) = OuAum)y — O Auimy + 5 AuGi) Avi im—) - (2.38)

Since the gauge field A’ shows up only in Lcg and Lx, one may algebraically integrate
over it. Variation of A’ gives the equation of motion

1 . <0 _‘ GOa Goa
Aoy = ~Goo PuN - X)am) + Fgg DuAaim) = oo (Fha) (o)
1
_WEMVA(FVA)(iﬁ’L) ) (239)

where A, := 7, - X. By putting back this value to the original action (2.36),

1 R 1~
Lx + Leg = —§DﬂXIP”DﬂXJ — (F0)? — gaawaFub

4GO0
Oa
— 2300 " FaFyn + Lia, (2.40)
where
GaOGbO
ab . ,vab
G = GY — o0 (2.41)
1 e 1
Ly = QGOOEW/)‘O [( V()\O-X) 2€l/p0' p0> A)\:| . (2.42)

Here we omit the indices (im) for simplicity. Note that the redefinition of the metric
G® — G is very similar to that of T-duality transformation in M-direction. The term
Lyq is total derivative which does not vanish in the limit G — 0. Since we know that the
total derivative terms do not play any role for the case G% = PUNDC 0, we will neglect
them in the following. In a sense, this is equivalent to redefine the BLG action,

SBLG = /d35'3 (Lrg — Lia), (2.43)

where Lprg is the original BLG Lagrangian. On the other hand, while the fourth term
in eq. (2.40) is also total derivative, we must not neglect it. This is because this term is
proportional to G%® and becomes essential to understand the U-duality. For d = 1 case,
it becomes the 6 term of the super Yang-Mills action and it should be involved in the
S-duality transformation in the complex coupling constant 7 = Cy + ie~?. We note that
this is the term which does not show up if we analyze the Yang-Mills system with loop
algebra symmetry (2.14).



Kaluza-Klein mass by Higgs mechanism. At this point, it is easy to understand
how compactification occurs after the Higgs mechanism. Note that in the definition of

Flq (2.33), we have a factor with m, in front of A In the language of D2-brane

p(im)
worldvolume, it gives rise to the mass term

1 -
- §9abmamb14p(zm)z4’é,,m) ,  where ¢%:=G"G", (2.44)
for A, im). We will also see that exactly the same mass term exists for all fields with

index m. It is natural to regard these terms as the Kaluza-Klein mass terms for the
compactification on a torus T,

In order to be more explicit, we will use the T-dual picture [19] in the following.
We identify the various fields with index m with the higher 3 + d dimensional fields by
the identification

O (1) — O(2,y) = Py ()™ (2.45)

where y* € [0,27] (a = 1,...,d) are coordinates of T%. F,,, can be identified with the field
strength by

(2.46)

where Ag;(z,y) := 7o - X;(2,y). The kinetic terms of gauge fields in eq. (2.40) imply that

we have a metric in g direction as
ds® = N dx!dz” + gap dy®dy® where  gap := (g?°) L. (2.47)

When A are all orthogonal, one may absorb the metric g, in the rescaling of y® as
y'* = (|X°|]X%|)~1y®. Since y® has the radius 1, 3" has the radius 1/|\||X¢|. This is
consistent with our previous analysis [1]. In this scaling y* — y'®, the kinetic terms for
gauge fields in eq. (2.40) become

~ 1o [(For)? +2(F)?] | (2.48)

which is also consistent with our previous study for d = 1.
We note that the use of Kac-Moody algebra as the symmetry of the Kaluza-Klein
mode is not new. See, for example, [22]. Here the novelty is to use the Higgs mechanism

to obtain the Kaluza-Klein mass.

Worldvolume is a flat fiber bundle. So far, since we put Af, = 0 for the simplicity
of the argument, the worldvolume of Dp-brane is the product space M x T%. In order to
see the geometrical role of AZ, let us keep it nonvanishing for a moment. The covariant

derivative (2.28) get an extra term, maAZ(x)X(IZ.m), which becomes on M x T,

. a 0
iAj(z)

v
aani (xay) . (249)

,10,



Af, turns out to be the gauge field for the gauge transformation from those of BLG:

5] (2,y) = ir ()~ X (.1). (2.50)

oy°

The existence of the gauge coupling implies that the worldvolume is not the direct product
M x T¢ but a fiber bundle Y
T ——=Y

;

where T? act as the translation of y.
The kinetic term for the connection comes from the Chern-Simons term:

Liper = EHVACuaauAa ) Cua = ZnaA,u(iﬁ)(i,fﬁ) : (2'51)

Since C),q does not appear in other place in the action, its variation gives,

LAY =0, (2.52)

g

Therefore Y must be a flat bundle as long as we start from BLG model.
There seems to be various possibilities to relax this constraint to the curved back-
ground. One naive guess is to replace Lgper t0

L;‘lber = VAC;MI (8 A5 — ) S)(\O)> ) (253)

)

for an appropriate classical background Ff)(\o .

Interaction terms. The compactification picture works as well in the interaction terms.

For the fermion interaction term Li.;, we use

XU X W)y = —ma AONT0w +sz’“AUOX(JjL)\11( i) (2.54)

and from eq. (2.27),

XI _ PIJXJ—{—)\IA(??A X)
GOa
;00

1 =
= pPlX7 4 WAIO(AO - X) + (- MO 4 AI“> A, (2.55)

Then L;,; can be written as

7 - Y
Lint = — U (i) (CrsAOAT?) <—ma‘I’(i,—m) + Zf]kiAa(jﬁ)\p(k,—m—ﬁ))

W

- 107 [+ 2ik pIK v
+Z\I](im)(FIJ)‘ )(Zf] P X(jﬁ)\ll(k,fmfﬁ)>
(i

00 - N
\IIFI[P”XJ,\II]> : (2.56)

— 11 —



where g = det ¢?, D,V := 9,¥ — i[Aq, U] and

: 1
re.— %FU)\IO)\J“, I VT (2.57)

which satisfy {I'*, T’} = ¢® and {I';,T';} = 67;.
On the other hand, the potential term for the boson L. is the square of a 3-com-
mutator:

X7, X7, XKy = maAONT X (L 4 prE IO, X (2.58)

(3, (k,m—m)"

where the indices I, J, K are antisymmetrized. The square of the first term gives

<ma)\[10)\JaXK]

(i,m)

2
> = 69%m myXLPL X7 (2.59)
where

517 INOPALAL 4 (A5 PXTONT0 — (N0 X)) (ATONL + AONL)
IXORXg1% = (X0 Xg)?
N 1= Mg\, (2.60)

1J ._
pPL =

)

which satisfy
PLINO = PLINL =0,  P2%=Py. (2.61)
The mixed term

*, (2.62)

i)
vanishes and does not contribute to the action. The commutator part is

(ENOXE X )2 =3 (GOXT, X52) 20 %), X'1)) (263)

(kym—it

which is identical to the similar term in [6] and it produces the standard commutator terms.
Using eq. (2.55), these terms can be summarized in the following compact form:

d? 1 . - - 1 L
Lpot = /ﬁ\/g <—§gabDaXIPIJDbXJ - mgacgbdFachd
GOO _ _
—T[PIKXK,PJLXLF) : (2.64)

where D, X! = 9, X! — i[ﬁa, XI] and Fp, = 0,4y — 0y A, — i[ﬁa, flb]
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2.5 Summary

By collecting all the results in previous subsections, the BLG action (2.1) becomes

L=Ls+Lprp+ Lx + Ly + Lpot + Ling + Lta, (2.65)
1 dy . o .
L= _4G00 / ( )d g (Fiy + 2gabF,uaFub + gacgbdFachd) ) (266)
GOa dd = B
Lre = e | Ve (4 ) (2.67)
Lx = -3 / #\/g (DHXIP”DHXJ i g“bDaXIP”DbXJ> : (2.68)
i [ d B .
=35 )d\/_\IJ<FD +FD>\I/ (2.69)
GOO dd IK v K JL 112
Lpot - —T/( )d\/_[P X P X ] (270)
i/ (GO0 dd B
Lint = G / d\/_\IJF (PI7X7 W), (2.71)

It is easy to see that this is the standard Dp-brane action (p = d+ 2) on M x T% with the
metric (2.47). Interpretation and implications of this action are given in the next section.

3 Study of U-duality in L-BLG model

3.1 D3-branes case

For d = 1, if we write X0 = &%, X! = 7,60 4+ 7&! (where €°- &' = 0, |€°] = |€!]), the action
for the gauge field is given as

1 dy 5, GU dy _~
LatLrr = =gem [ 7V F _8G00/%FF
1 1 i 2
——— |4 (—FF F ) 1
871'/ 9 2 M (3.1)

where now g = ¢g'! and
F2 = FZ + 2911F#1F#1 ,
= (4/ gL " NE Fy . (3.2)
This shows that the action (2.65) in this case is the standard D3-brane action with the

6 term.
Under the SL(2,Z) transformation

(+)-(2)(5) -

the moduli parameter 7 is transformed as,

ar +b
cr+d’

T —

(3.4)
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Forb= —c=1,a=d =0, it gives rise to the standard S-duality transformation 7 — —1/7.
On the other hand, a =d =1, b = n and ¢ = 0 gives the translation 7 — 7 + n.

We do not claim that we have proven S-duality symmetry from our model. At the level
of 3-algebra (2.9)—(2.12), there is obvious asymmetry between ug,v? and up, v!. Neverthe-
less, it is illuminating that the S-duality symmetry can be interpreted in so simple way.

On the other hand, the translation symmetry reduces to the automorphism of the
3-algebra (2.9),

ug — up —nuy, uyp — uy,

00 — 20, vl — ol 4 n?. (3.5)
It is easy to see that the transformation changes neither 3-algebra nor their metric. It
induces the redefinition the ghost fields as,

X' =X uo+ XL u + = X[ (wo —nuy) + (X, +nX )ur +--- (3.6)

It implies the transformation PLU. XO, X X0, Of course, at the classical level,
there is no reason that the parameter n must be quantized. It is interesting anyway that
part of the duality transformation comes from the automorphism of 3-algebra.

The T-duality transformation Z, which interchanges D3- and D2-branes comes from
the different identification of component fields. Namely, we have constructed 4-dimensional
field X/ (x,y) from the component fields X (Im) (x) by Fourier series (2.45). One may instead
interpret X(Im) (z) as the 3-dimensional field and interpret m index as describing open
string mode which interpolate mirror images of a point in 7! = R/Z. This is the standard
T-duality argument [19].

The relation between the coupling constant and the radius in T-duality transformation
is given as follows. Let us assume for a moment that X0 | X! for simplicity. It is well
known [9] that putting a VEV X, = X0 means the compactification of M-direction with
the radius

Ry = [X°|13/2, (3.7)

where [, is 11-dimensional Planck length. From the symmetry of X,, < X,,, putting
a VEV Xul = X! must imply the compactification of another direction with the similar
radius Ry = |X1| lg/Q before taking T-duality along X At this point, we have D2-brane
worldvolume theory with string coupling

Js = g%/M ls = ‘XO‘Q ls . (3'8)

where [, is the string length, satisfying lg = gsl2. In section 2, we obtain D3-brane since
we compactify the X! direction with radius R; and simultaneously take T-duality for the
same direction. Thus the D3-brane is compactified on S with the radius

2 12 1

== = — S_’ = == (3.9)
Ry INL[4/|NOJ2 14 [AO]IAL]

Ry
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and the string coupling for D3-brane worldvolume theory is

>

9 = g = X (3.10)
Ry [\

>

This result is consistent with our result [1], as we also discussed in section 2.
To summarize, the U-duality transformation for d = 1 case is

SL(2,Z) i Zs, (3.11)

where the first factor is described by the rotation of Higgs VEV’s and the second factor is
described by the different representation as the field theory.

3.2 U-duality for d > 1

We consider M-theory compactified on 79! (where d = p — 2). This theory has U-
duality group F4.1(Z) and scalars taking values in Eg,q/Hg.1 where Hgq is the maximal
compact subgroup of Fy.1. See, for example, [20] for detail. We call the space of these
scalars ‘parameter space’ in the following.

In this subsection, we compare the parameters obtained from L-BLG model with those
in the parameter space. We can extract various parameters on Dp-brane from the action
obtained in section 2.5 which are all determined by the Higgs VEV’s M. The first one is
the Yang-Mills coupling:

2t dGOO “
g%M:%, g :=det g?. (3.12)
Secondly, the metric
gab _ GOOGab o GOaGOb (3.13)

gives the moduli of the torus T%. Finally, Lrp gives a generalization of # term for d = 1
case. Since the 0 term may be regarded as the axion coupling, a natural generalization
for general d is the R-R field C4_1), which appears in the Dp-brane Lagrangian of string
theory like as Cy_1) AF'AF. Such term was discussed in the literature, for example, in [20].

In our set-up in section 2, the existence of such coupling C A F'AF' can be understood as
follows. There the compactification of the M-direction was determined by X0 and we took
T-duality on T% specified by {A*} = {X!, ..., X4}. If G% = X0. X@ £ 0, we obtain the non-
zero C() field, after the compactification of M-direction and the T-duality transformation
along only y®. After taking T-duality in the remaining d — 1 directions on T% too, we
obtain the nonzero C;_1y field whose nonvanishing component is C'...4...4 , Where the index
with "~ should be erased. This compontent of R-R field must interact with gauge fields on
D-brane as e“”)‘l'"dCl...@...dFWFAa. In our action (2.65), Lpp describes this coupling. It
determines the components of Cy_1) as

1 @™ g
4(2m)2(d — 1)! GO \Jgaa ’

Cai=Clgoa = (3.14)

where no sum is taken on a.
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The number of parameters thus obtained is 1+ @ +d= (dH)QM

with the number of metric GAB = XA . XB. Asisd = 1 case, it is natural to guess the
SL(d 4 1,Z) transformation

which coincides

NAZ A XE . A eSL(d+1,7), (3.15)

is related to the first factor of SL(d 4+ 1,Z) <t O(d,d : Z) in U-duality transformation. In
appendix A, we derive the transformation law of these parameters explicitly. They are less
illuminative compared with d = 1 case, however, since these parameters depends on GAB
in a complicated way. Since the number of the parameters is the same, it is straightforward
to obtain the inverse relation, GAP = GAB (g%, Mo g%, C;). This combination transforms
linearly under SL(d+1,Z). In this sense, it is possible to claim that SL(d+1,Z) is a part of
the U-duality symmetry and GAZ gives the parameter which transforms covariantly under
SL(d + 1,Z). The closure of these parameters under SL(d + 1,Z) was discussed in the
literature, for example, [20].

The parameters obtained from XA, however, do not describe the full parameter space to
implement U-duality. In the following, we compare it with the dimensions of the parameter
space. As we see, for d = 1, it correctly reproduces the moduli. The discrepancy of
the number of parameters starts from d > 1. We will explain some part of the missing
parameters is given as the deformation of 3-algebra (2.9).

D3-brane (d = 1). It corresponds to M-theory compactified on 72. The parameter space
in this case is (SL(2)/U(1)) x R which gives 3 scalars. They correspond to G*, G and
g, in other words, g%M, C; and g", all of which appear in the D3-brane action (2.65).

D4-branes (d = 2). It corresponds to M-theory compactified on T3. The parameter
space in this case is (SL(3)/SO(3)) x (SL(2)/U(1)) which gives 7 parameters. They cor-
respond to G, By, ® and C; which transform in the 3 + 1 + 1 + 2 representations of
SL(2). @ is dilaton which satisfies e® = g, = (27T)p_2l§7?’g%,M, and Cj is R-R 1-form (or
p — 3 form) field defined in eq. (3.14).

By, is NS-NS 2-form field which we have not discussed so far. As we commented in
the footnote 4, such parameters were introduced in section 5.2 of [1] as the deformation of
the 3-algebra, [ug, uq, up] = By TY, ---. It describes the noncommutativity on the torus
along the line of [23]. We have not used this generalized algebra for the simplicity of the
computation but can be straightwardly included in the L-BLG model. It is interesting that
some part of moduli is described as dynamical variable (“Higgs VEV”) while the other part

comes from the modification of 3-algebra which underlies the L-BLG model.

D5-branes (d = 3). It corresponds to M-theory compactified on 7. The parameter
space in this case is SL(5)/SO(5) which gives 14 parameters. They correspond to G, By,
®, Oy and C;, which transform in the 6 + 3 + 1 + 3 4 1 representations of SL(3).

Ciic = Cy 4 4.o.q 18 R-R O0-form (or p — 5 form) field which causes the interaction
like as e“”)‘l"'dC&BéFw,F)\anc or e“")‘l"'dC&BéFwabFAc. In the context of 3-algebra, there

is a room to include such coupling [1]. It is related to the 3-algebra associated with Nambu-
Poisson bracket. As shown in [5], the worldvolume theory becomes not the super Yang-Mills
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but instead described by self-dual 2-form field which describes the M5-brane.® The precise
statement on the moduli becomes obscure in this sense.

To see U-duality, we must also consider the transformation of By, and Cy; ..

Especially,

the interchange B, < C; and C.;., « ® means S-duality.

abe
Dé6-branes (d = 4). It corresponds to M-theory compactified on T°. The parameter
space in this case is SO(5,5)/(SO(5) x SO(5)) which gives 25 scalars. They correspond
to G, By, ®, Cy and C,;e Which transform in the 10 + 6 + 1 + 4 + 4 representation of
SL(4). To see U-duality, we must also consider the transformation of By, and C;,.
D7-branes (d = 5). It corresponds to M-theory compactified on 7. The parameter
space in this case is Eg/USp(8) which gives 42 scalars. They correspond to G*, By, ®,
Ca, O} and C; . 5. which transform in the 15+10+1+5+10+1 representations of SL(5).

CLBC a
Ciiee jis R-R O-form (or p — 7 form) field which causes the interaction like as e#*1d

FFyoFy.Fey and so on. Note that Cj in this case must be the self-dual 4-form field.

pe and C@Beéf'

and Cj; .. e ® means S-duality. However we don’t

C&i)éé f

To see U-duality, we must also consider the transformation of By, C,
Especially, the interchange By, <« C.;

abé
know the way to introduce the field C; ., 7 at this moment in time, so this discussion may
be difficult.

D8-branes (d = 6). It corresponds to M-theory compactified on T7. The parameter
space in this case is F7/SU(8) which gives 70 scalars. They correspond to G, By, ®,
Ca, Cyj and C&Bééf which transform in the 21 + 15 + 1 4+ 6 + 20 + 6 representations of
SL(6), plus one additional scalar Bgpce g Which is the dual of NS-NS 2-form *Bg). To see
U-duality, we must consider the transformation of all these fields.

D9-branes (d = 7). It corresponds to M-theory compactified on 7®. The parameter
space in this case is Fg/SO(16) which gives 128 scalars. They correspond to G, By,
®, Ca, Cyips C@Beéf and C&Bééfgﬁ which transform in the 28 +21+1+7+35+21+1
representations of SL(7), plus 14 additional scalars Bgpeefg and Cpq. This Cpq is R-R 2-
form field which has legs belong to one of worldvolume coordinates x* and one of torus
coordinates y®.

To see U-duality, we must consider the transformation of all these fields. However we
don’t know the way to introduce the field C; ., 7 and Cj;., gh at this moment in time, so

this discussion may be very difficult.

4 Conclusion and discussion

In this paper, we have presented a detailed derivation of Dp-brane action from BLG model.
The VEV’s of ghost fields A give the moduli of torus 7% (d = p — 2) g%, the coupling
constants gy s of super Yang-Mills and the R-R (p — 3)-form field Cj through the ‘metric’
GAB = XA . XB. For D3-branes (d = 1), the parameters thus obtained are enough to

5In order to satisfy the fundamental identity, Nambu-Poisson bracket must be equipped on a 3-
dimensional manifold. So, in this case, we must choose the specific T2 where Nambu-Poisson bracket
is defined from the whole compactified torus 7.
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realize full Montonen-Olive duality group SL(2, Z) through the linear transformation on 2.
Moreover, some part of the symmetry is actually the automorphism of 3-algebra. For higher
dimensional case d > 1 (Dp-branes with p > 3), these parameters are enough to implement
a subgroup of U-duality transformation, SL(d + 1,Z), which acts linearly on M. The
transformations of various parameters can be determined through the linear transformation
of the metric GAB. In order to realize the full U-duality group, however, they are not
enough. We argue that one of the missed parameters, NS-NS 2-form background, can be
introduced through the deformation of the 3-algebra. For higher d, we need extra R-R
background which we could not succeed to explain in the context of L-BLG models so
far. One possibility may be to use the coupling constants of Nambu-Poisson bracket which

gives rise to self-dual 2-form field on the worldvolume instead of super Yang-Mills.

There are a few directions for the futher development from current work. One direction
is to understand the higher d case in more detail. For higher d, we have to think more
carefully on the fundamental degree of freedom. In some cases, the gauge theory should be
replaced by 2-form fields, and sometimes by strings. We hope that the BLG description of
Mb5-brane [5] gives an essential hint.

It is also interesting to derive the U-duality symmetry from ABJM model. While some
work have been done in [14] for D3-brane, it may be interesting how to incorporate the
loop algebras in ABJM context which would help us to go beyond D3. As we explained
here, the loop algebra is suitable symmetry to describe the Kaluza-Klein modes.

Another interesting direction is to describe the curved background or D-branes from
L-BLG model. As we already explained in the text, as long as we start from BLG model,
we arrive at a flat background. This is natural since we have maximal supersymmetry. If,
however, one modifies the action slightly (a naive discussion is given in the text), there
is more room to incorporate various degrees of freedom. Such modification of the model
seems essential to understand various M-brane dynamics.
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A SL(d + 1,Z) transformations on Dp-branes

In this appendix, we compute the transformation law for the moduli parameters under
SL(d + 1,Z) transformation (3.15). SL(d + 1,Z) is generated by the following two kinds of
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(d+1) x (d + 1) matrices:

(

AAB :5§ (for A, B #1,j),

S(i,j) - AN (001
[\, ) \—10)

AAB :5§ (for A, B #1,j),

NN, nl)

where i,j7 =0,1,...,d (i < j) and n € Z. Obviously, S(i, ) is a generalization of S-duality

transformation and 7'(4, j;n) is the generalization of translation generator.

(I) A = S(0,4) (i #0). This transformation interchanges A° and X', i.e. M-direction and
one of the torus directions. It is a generalization of S-duality transformation for d = 1 case.

G and g™ are transformed as

G/OO — Gm G/Oi — _GOZ' G/Oa — Gia
g/ii — gii’ glia — _(GiiGOa _ GiOGia) , g/ab — GiiGab _ GiaGib , (Al)
for a,b # 0,4. In the simple case of G% = G% = G =0,

GO (27)¢ 1 ) G (2m)d 1
2 _ 2 _
Krm =\ Gi (Gooyd-1/2 Ve — 9vm GO (GiYdD2 JE (A.2)

where G is the minor determinant of G* excluding the ¢’th row and column. On the other

hand, C; remains zero in this simple case.

(IT) A = T(0,i;n) (i # 0). This transformation shifts the direction as A\’ — X° and
N X4 nXO, and should be a generalization of T-duality transformation. G4 and ¢
are transformed as

GIOO — GOO, GIOZ' — GOi + HGOO, GIOa — G0a7

gm‘ _ g“‘ ’ g/i — gia , glab — gab, (Ag)

a

for a,b # 0,i. So the coupling constant g% s 1s invariant under this transformation. On
the other hand, one component of R-R field C4_y) is shifted as in the D3-branes case,

O — n V9
C: ¢ =G+ Ed -1y (A.4)

while all the other components remain the same.
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(III) A = S(i,4) (i,j #0). This transformation interchanges X' and X and should make
no physical change. In fact,

00 __ 00 10t __ 07 107 __ 01
GO0 — GO g g0 G = GO

g" =gV, g9 ==g", gl =—g7, gV =g", (A.5)

-

and other G° and ¢* remain the same. The coupling constant g%, a 1s invariant under
this transformation. The components of C'4_y) is shuffled by the interchange of the basis
{X“}, but this doesn’t mean any physical changes.

(IV) A = T(i,j;n) (i,j # 0). This transformation shifts the torus direction as X' — X’
and M — M +nXt. In this case, GO and g% are transformed as

GIOO — GOO G/Oj — GOj + nGOi GIOa — GOa
g/jj _ gjj + 2ngji + n29ii’ glja _ gja + ngm, g/ab — gab, (A.6)

for a,b # 0,7. Since /g (or the volume of T9) remains the same, g%, is invariant under
this transformation. The components of Cy_1), just as in the case of S(i, j), is effected by
the transformation of the basis {A*}, but it is not physically meaningful.

As we discussed in section 3.2, the transformation laws are somewhat complicated,
since the parameters g% ,, and C; depends on G and G° in complicated way. So if we
want to see concisely the correspondence between subgroup of U-duality SL(d + 1,Z) and
transformation of VEV’s (3.15), we must notice the transformation of G4 = XA XB In
fact, G4 is the linear realization of SL(d+1,Z) transformation (3.15), and the parameters
952/ y and Oy transform complexly through this covariant transformation of GAB,
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